Abstract: Active front steering (AFS) is an emerging technology to improve the vehicle cornering stability by introducing an additional small steering angle to the driver's input. This paper proposes an AFS system with a variable gear ratio steering (VGRS) actuator which is controlled by using the sliding mode control (SMC) strategy to improve the cornering stability of vehicles. In the design of an AFS system, different sensors are considered to measure the vehicle state, and the mechanism of the AFS system is also modelled in detail. Moreover, in order to improve the cornering stability of vehicles, two dependent objectives, namely sideslip angle and yaw rate, are considered together in the design of SMC strategy. By evaluating the cornering performance, Sine with Dwell and accident avoidance tests are conducted, and the simulation results indicate that the proposed SMC strategy is capable of improving the cornering stability of vehicles in practice.
Introduction
In recent decades, cornering stability has been an inevitable topic in terms of the vehicle performance, and the cornering performance directly influences the handling stability and vehicle active safety [1] . As the main property of lateral dynamics, vehicle cornering stability is greatly influenced by the steering system. In the past several decades, the steering system has been developed through five stages, including the mechanical steering stage, hydraulic steering stage, electro-hydraulic steering stage, electric power steering, and active front steering (AFS) stage [2] . In the five stages, the AFS system becomes attractive with the advantages in enhancing cornering dynamics by providing (1) steering comfort by reducing driver's steering effort; and (2) active safety, as well as cornering stability [3] . Though the AFS system will lead to intrusiveness in the driver's action, it can bring advantages to inexperienced and nonprofessional drivers. In view of the effectiveness of the AFS system, this work also aims to study the characteristics of the AFS system. However, in the previous studies of AFS systems, most attention has been paid to improve the stability and agility by integrating the AFS system with other active systems, like anti-lock braking systems, traction control systems, anti-slip regulation, dynamic stability control, electronic stability programming, or direct yaw control [4] [5] [6] . These studies emphasized the coordination among different parts and came up with some corresponding control strategies, such as hierarchical control and multivariable control [7, 8] . In other words, many investigations have been done in controller design for the integration of the AFS system with other active systems, but the control methods cannot fulfill  ma y = 2F y f + 2F yr I z . γ = 2F y f l f − 2F yr l r (1) where m and I z are the mass of vehicle and the moment about the vertical axis, respectively; a y represents the lateral acceleration at the center of gravity (CG), which can be described as
. β + γ) with the assumption of the constant longitudinal velocity [16] ; v x and v y represent the longitudinal and lateral velocities at the CG; β and γ are the sideslip angle and yaw rate at the CG, respectively; l f and l r are the distances from the CG to the front and the rear axles; F y f and F yr are the lateral tire forces of the vehicle in the front wheel and rear wheel, respectively, which can be written as F y f = C f α f and F yr = C r α r with the assumption of small sideslip angle of tire; C f and C r stand for the cornering stiffness of the front and rear wheels respectively; α f and α r represent the front and rear wheel sideslip angles respectively, and they can be defined as:
where δ is the front wheel steering angle made from the driver. Substituting Equation (2) into Equation (1), Equation (1) can be rewritten as:
By defining x = [β, γ] T as the state variables, Equation (3) can be represented in the form of:
where A and B are the state variable matrix and control input matrix, respectively. These two matrices can be given as: 
Proposed AFS System with the VGRS Actuator
Since the steering system is coupled with other vehicle parts and it is difficult to investigate in a real vehicle, a simplified model for the AFS system with the VGRS actuator is established to study the cornering dynamics. The AFS system consists of the VGRS actuator, signal sensors, speed signal, VGRS electronic control unit (ECU), steering wheel, steering column, cardan joint, steering shaft, pinion and rack unit, tire rods, tire rod joints, two front wheels, etc. Figure 2 shows the construction of the AFS system with the VGRS actuator. The signal sensors measure the real-time vehicle state, including the steering signal, vehicle speed, yaw rate, and sideslip angle. The VGRS actuator is used to produce an additional operating angle independent of the driver's input, which is in accordance with the control command of the VGRS ECU. In addition, The VGRS ECU sends out a command signal according to the vehicle states, such as speed, yaw rate, and sideslip angle. The steering column is connected to the steering wheel and coupled to the steering shaft by a cardan joint. The VGRS actuator is located at the end of the steering shaft. Next, the pinion and rack unit linked with the output shaft of VGRS actuator turns the front wheels through the tire rod and rod joint. Regarding the VGRS actuator, it is composed of a DC motor, reduction mechanism, lock mechanism, housing, and output shaft, as described in Figure 3 . The DC motor is mounted on the housing with high power output and less noise. It rotates either clockwise or counterclockwise depending on the command from the VGRS ECU and connects with the reduction mechanism, which includes four main components: stator gear, driven gear, flexible gear, and wave generator. The stator gear coupled to the housing has a rigid body and ring shape. The driven gear is parallel with the stator gear and connects to the output shaft. The flexible gear has the same teeth as the driven gear, but it is located inside the stator gear and driven gear, as well as the outer surface of the 
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where ω wg is the angular speed of the wave generator (i.e., the DC motor speed) and it is assumed to be a constant; ω f g stands for the angular speed of the flexible gear; n f g and n sg are the numbers of the teeth of the flexible gear and stator gear, respectively. Based on the working principle of VGRS, the driven gear rotates at the resultant angular speed, which can be calculated by summing the angular speed of the stator gear and flexible gear. Furthermore, the output shaft rotates at the same angular speed with that of the driven gear. So, the angular speed of output shaft can be written as:
where ω os and ω sg are the angular speed of the output shaft and the angular speed of the stator gear, respectively. Since the rotation angle is proportional to the angular speed, the rotation angle of the output shaft can be represented as:
where δ sg and δ f g are the rotation angle of the stator gear and rotation angle of flexible gear, respectively; δ os stands for the rotation angle of the output shaft which is equal to the steering wheel angle; and δ wg is the rotation angle of the wave generator which can be calculated as:
where ∆t is the rotation time of wave generator which is the time delay between the controller output steering angle and the actual steering angle. When the wave generator rotates in the same direction as the stator gear, the rotation angle of the wave generator is positive. On the contrary, the rotation angle of output shaft decreases with a negative rotation angle of the wave generator when the wave generator rotates in the opposite direction with the stator gear. Additionally, the rotation angle of the output shaft is equal to the rotation angle of the stator gear when there is no action from the DC motor. After transmitting via steering gear assembly, the actual front wheel steering angle can be represented as:
where r is the gear ratio of the steering gear assembly. Finally, the relationship between the controller output steering angle and the actual steering angle in time-domain can be expressed as:
where δ c (t) is the controller output steering angle.
Controller Design for the Proposed System
In this section, the controller for the proposed AFS system with the VGRS actuator is designed and the control block diagram is shown in Figure 8 . The 2-DOF vehicle model is used to calculate the desired values of the sideslip angle and yaw rate by considering the steady steering and transient response. Moreover, the control law is deduced based on the 2-DOF vehicle model by defining the switching surface and selecting the reaching law. Based on the output steering angle from the control law and the front wheel steering angle from the driver, the actual wheel steering angle can 
Errors of Sideslip Angle and Yaw Rate
In fact, the sideslip angle and yaw rate usually change during a maneuver. However, by applying control strategies, the sideslip angle and yaw rate are controlled to approximate their desired values. In this part, the desired values of the sideslip angle and yaw rate are defined, which means that the vehicle is assumed to run in the steady-state condition. When the vehicle works in a steady-state driving condition, the sideslip angle and yaw rate are expected to be constant, thus obtaining a good driving sense and cornering stability. In this state, the values of sideslip angle and yaw rate are calculated to obtain the desired value.
Considering the steady-state driving condition, the sideslip angle and yaw rate are kept constant, which indicates that the rate of them are all zero. Then the values of sideslip angle and yaw rate in steady-state can be obtained and these values are also regarded as desired values. Meanwhile, the desired sideslip angle and desired yaw rate are bounded to avoid the lateral force to reach its limitation in a large lateral acceleration. So, by integrating Equation (3) 
However, the aforementioned desired values of sideslip angle and yaw rate are both under steady steering. Taking the characteristics of transient response, a first-order element with 
Considering the steady-state driving condition, the sideslip angle and yaw rate are kept constant, which indicates that the rate of them are all zero. Then the values of sideslip angle and yaw rate in steady-state can be obtained and these values are also regarded as desired values. Meanwhile, the desired sideslip angle and desired yaw rate are bounded to avoid the lateral force to reach its limitation in a large lateral acceleration. So, by integrating Equation (3) and assuming steady-state driving condition, the desired values of sideslip angle β s and yaw rate γ s are represented as:
and:
However, the aforementioned desired values of sideslip angle and yaw rate are both under steady steering. Taking the characteristics of transient response, a first-order element with differential delay (τ β for sideslip angle and τ γ for yaw rate) is introduced [18] . Thus, the desired sideslip angle β d and yaw rate γ d in the bounded zone can be represented as:
where:
Once the desired valued is obtained, the errors of sideslip angle and yaw rate can be represented as:
By defining e = e β , e γ T and
T , the errors between the actual value and desired value can be rewritten as:
Additionally, the desired values can be written in the form of state equation by taking the inverse Laplace transformation of Equation (14):
Then, the derivative of errors can be obtained:
SMC Strategy
In terms of the linear system described in Equation (18), the switching surface can be constructed as
In the SMC strategy, the parameter c should satisfy the condition that (p + c) is Hurwitz polynomial. This means that the eigenvalue p of the polynomial p + c = 0 should be negative. In other words, the parameter c must be a positive number. In this work, the value of c is selected by a trial and error method. After determining the value of c, the switching surface is designed with the matrix of
T . Thus, the switching surface is S = 2e β + e γ .
Apart from the design of switching surface, the approaching motion is also a crucial process in enhancing the dynamic performance of the system. The approaching motion refers to the motion of system from the initial state to the sliding manifold. A general form of the reaching law can be expressed as . S = −QsgnS − kh(S). According to the general form of the reaching law, there are three kinds of common reaching laws which consist of constant rate reaching, power rate reaching, and constant plus proportional rate reaching. The constant rate reaching is simple but difficult to control the approaching rate and chattering problems. The parameter tuning in power rate reaching is difficult to achieve a good dynamic performance. However, the constant plus proportional rate reaching behaves better in reaching time and lower chattering, as well as parameter tuning [19] . Thus, to improve the dynamic characteristics of approaching motion, the constant plus proportional rate reaching is selected:
To further prevent chattering problems, the proportional item is replaced by sat(S) which is defined as:
kS, |S| ≤ 0.01 and k = 1/0.01
It is noteworthy that the values of ±0.01 and k are selected by a trial and error method. Then the control law can be designed as:
It can be easily observed that C T ∆B = 0, so the matrix C T ∆B is non-singular and invertible. As δ c is the overall front steering wheel angle from the controller, ∆δ c is the AFS operating angle from the controller (i.e., the additional steering angle acted on the front wheel) can be obtained by:
By referring to Equation (11), the actual steering angle δ a and the actual AFS operating angle, ∆δ a (t), can be rewritten as:
then:
After calculating the actual steering angle, the time delay ∆t should be found. By combining Equation (10) and Equation (23), the rotation angle of the DC motor can be obtained by:
Hence, the time delay can be calculated by:
In order to guarantee the reachability, stability and existence conditions of a sliding mode motion, the stability analysis is necessary.
By considering the following Lyapunov candidate function:
its derivative can be written as:
Obviously, the derivative of the Lyapunov candidate function is always negative, except that S = 0. So, the stability of the proposed SMC strategy can be guaranteed.
Simulation
Simulation is conducted in this section to test the proposed SMC control strategy in AFS system which is designed with the VGRS actuator. MATLAB (The MathWorks, Inc., Natick, MA, USA) and CarSim are utilized to perform the simulation based on the following discussion. In the simulation, a C-class hatchback vehicle, provided by the datasets of the CarSim, is employed. The main configuration of the C-class hatchback vehicle is described in Table 1 . To examine the superiority of the proposed SMC strategy for concurrent sideslip angle and yaw rate control, a comparative case that only controls the yaw rate should be considered. In the open literature, the fuzzy-proportion-integration-differentiation (fuzzy-PID) strategy has been widely used for the AFS system with the advantage of robustness, simplification and quick response in comparison with other methods [20] [21] [22] . Considering the good performance described in recent literature, the fuzzy-PID strategy is also designed for the AFS with the VGRS actuator as a comparative case. For the fuzzy-PID strategy, only the yaw rate is controlled. The relevant flowchart and compositional rule of inference are shown in Figure 9 . The parameters in the fuzzy-PID are set according to [21] . In the comparative study, the gear ratio of the steering gear is set as 16.5. The vehicle speed is assumed to be constant 80km/h (under the critical point) and two maneuvers are utilized to evaluate their performances. The first one is an open-loop steering maneuver for a Sine with Dwell test while the other one is a closed-loop steering maneuver for an accident avoidance test [23] . The simulation parameters are listed in Table 2 . During the simulation, there is a time delay because of the motor speed and the gear ratio of the VGRS system. 
Sine with Dwell Test
Regarding the open-loop steering maneuver, an input of steering wheel angle from the driver (Sine with Dwell) is taken to conduct the test. The steering pattern includes a sine wave and a dwell time of 0.5 s, which conforms to the National Highway Traffic Safety Administration (NHTSA) standard, as shown in Figure 10a . The maximum steering angle is 270° and the frequency of the sine wave is 0.7 Hz [23] . With this input, the Sine with Dwell test is conducted and the simulation results are shown in Figure 10b -f. Figure 10b ,c illustrates the actual AFS operating angle and the actual overall front wheel steering angle respectively. Compared with the fuzzy-PID strategy, the actual AFS operating angle changes in a smaller range. Specifically, there exists a sudden change for the actual AFS operating angle under the fuzzy-PID strategy when the steering wheel angle changes from positive to negative, whereas the SMC can offer a relatively smooth change of the actual AFS operating angle. A sudden change of the operating angle will cause a rapid directional change of the DC motor output. This means that the proposed SMC strategy could provide better a lifetime of the VGRS actuator.
As for the evaluation indices, the sideslip angle, yaw rate, and lateral acceleration are selected to quantify the cornering stability, as shown in Figure 10e ,f. By looking at the sideslip angle β of both control strategies shown in Figure 10d , the SMC strategy has smaller values in most cases and it is much faster in terms of reaching steady state. Obviously, instability also exists after a frequent steering under both SMC and fuzzy-PID strategies. In comparison with the SMC strategy, the yaw rate and lateral acceleration may lose control after the frequent steering under the fuzzy-PID 
Regarding the open-loop steering maneuver, an input of steering wheel angle from the driver (Sine with Dwell) is taken to conduct the test. The steering pattern includes a sine wave and a dwell time of 0.5 s, which conforms to the National Highway Traffic Safety Administration (NHTSA) standard, as shown in Figure 10a . The maximum steering angle is 270 • and the frequency of the sine wave is 0.7 Hz [23] . With this input, the Sine with Dwell test is conducted and the simulation results are shown in Figure 10b -f. Figure 10b ,c illustrates the actual AFS operating angle and the actual overall front wheel steering angle respectively. Compared with the fuzzy-PID strategy, the actual AFS operating angle changes in a smaller range. Specifically, there exists a sudden change for the actual AFS operating angle under the fuzzy-PID strategy when the steering wheel angle changes from positive to negative, whereas the SMC can offer a relatively smooth change of the actual AFS operating angle. A sudden change of the operating angle will cause a rapid directional change of the DC motor output. This means that the proposed SMC strategy could provide better a lifetime of the VGRS actuator.
As for the evaluation indices, the sideslip angle, yaw rate, and lateral acceleration are selected to quantify the cornering stability, as shown in Figure 10e ,f. By looking at the sideslip angle β of both control strategies shown in Figure 10d , the SMC strategy has smaller values in most cases and it is much faster in terms of reaching steady state. Obviously, instability also exists after a frequent steering under both SMC and fuzzy-PID strategies. In comparison with the SMC strategy, the yaw rate and lateral acceleration may lose control after the frequent steering under the fuzzy-PID strategy. Figure 10f shows that the time delay due to the rotation of the DC motor in the VGRS actuator leads to many jerks (the uneven region) in the curve of lateral acceleration in both fuzzy-PID and SMC strategies. Furthermore, the improvements in peak values and root mean square (RMS) values are also calculated in Table 3 . The smaller the evaluation index, the better the performance of the system is. Under the SMC strategy, the peak values and the RMS values of sideslip angle, yaw rate, and lateral acceleration are all decreased compared with the fuzzy-PID strategy. * means the improvement of the SMC method relative to the fuzzy-PID method.
Accident Avoidance Test
To examine the closed-loop steering maneuver, the accident avoidance test is conducted with a constant speed (80 km/h) to follow the given path as shown in Figure 11a . To avoid the accident, the driver has to turn the steering wheel urgently to drive the car to the left of the road. Then the car returns to the original lane slowly to ensure normal driving. As a result, the lane is changed to the left and then back to the right without using throttle or braking to control the vehicle. Considering the participation of the driver and frequent operation on the steering wheel, the accident avoidance test is one of the typical closed-loop steering maneuvers to test the cornering stability of the vehicle. Under the given driving condition, the simulation results are shown in Figure 11b -f.
From Figure 11b , even though the actual AFS operating angle is smoother in most cases under the fuzzy-PID strategy, a sudden change occurs when the car steers more to the left-hand side of the road. Apart from the actual AFS operating angle, the actual overall front wheel steering angle is * means the improvement of the SMC method relative to the fuzzy-PID method.
From Figure 11b , even though the actual AFS operating angle is smoother in most cases under the fuzzy-PID strategy, a sudden change occurs when the car steers more to the left-hand side of the road. Apart from the actual AFS operating angle, the actual overall front wheel steering angle is shown in Figure 11c . The sideslip angle, yaw rate, and lateral acceleration illustrated in Figure 11e ,f and Table 4 are used to evaluate the cornering stability in the closed-loop steering maneuver. Generally speaking, the proposed SMC strategy provides good performance of sideslip angle, yaw rate, and lateral acceleration in comparison with the fuzzy-PID strategy. Table 4 evidently shows that the peak values of the three evaluation indices of the SMC strategy are lower than those of the fuzzy-PID strategy. Specifically, the peak values of sideslip angle, yaw rate and lateral acceleration under the SMC strategy outperform the fuzzy-PID strategy by 25.85%, 12.14%, and 0.87%, respectively. Additionally, even though the RMS values of the yaw rate and lateral acceleration only improve a little, the RMS value of the sideslip angle decreases by 21.73% under the SMC strategy. The reason may lie in that the fuzzy-PID strategy only controls one variable while the SMC strategy behaves well in controlling the two dependent objectives. In the simulation of the two steering manoeuvers, a sudden change of actual AFS operating angle occurs under the fuzzy-PID strategy, while the actual AFS operating angle is smoother and changes in a smaller range under the SMC strategy. This implies that the SMC strategy behaves well in practice. Moreover, the simulation results also show that there are so many jerks in the curve of lateral acceleration in both fuzzy-PID and SMC strategies due to the time delay which is caused by the rotation of the DC motor in the VGRS actuator. To reduce the jerks and enhance the performance of cornering stability, the DC motor with high rotation speed should be considered in practice. The sideslip angle, yaw rate, and lateral acceleration illustrated in Figure 11e ,f and Table 4 are used to evaluate the cornering stability in the closed-loop steering maneuver. Generally speaking, the proposed SMC strategy provides good performance of sideslip angle, yaw rate, and lateral acceleration in comparison with the fuzzy-PID strategy. Table 4 evidently shows that the peak values of the three evaluation indices of the SMC strategy are lower than those of the fuzzy-PID strategy. Specifically, the peak values of sideslip angle, yaw rate and lateral acceleration under the SMC strategy outperform the fuzzy-PID strategy by 25.85%, 12.14%, and 0.87%, respectively. Additionally, even though the RMS values of the yaw rate and lateral acceleration only improve a little, the RMS value of the sideslip angle decreases by 21.73% under the SMC strategy. The reason may lie in that the fuzzy-PID strategy only controls one variable while the SMC strategy behaves well in controlling the two dependent objectives. In the simulation of the two steering manoeuvers, a sudden change of actual AFS operating angle occurs under the fuzzy-PID strategy, while the actual AFS operating angle is smoother and changes in a smaller range under the SMC strategy. This implies that the SMC strategy behaves well in practice. Moreover, the simulation results also show that there are so many jerks in the curve of lateral acceleration in both fuzzy-PID and SMC strategies due to the time delay which is caused by the rotation of the DC motor in the VGRS actuator. To reduce the jerks and enhance the performance of cornering stability, the DC motor with high rotation speed should be considered in practice.
In addition, the improvement in the sideslip angle is larger as compared with the yaw rate. This is because only yaw rate is considered in the fuzzy-PID controller while both the sideslip angle and the yaw rate are considered in the proposed SMC strategy. Regarding the improvement in the yaw rate in Table 4 , it is smaller than that of the yaw rate in Table 3 . The reason may lie in that the maneuver for Table 4 is an accident avoidance test, in which a sharp steering angle is provided, as compared with the sine maneuver in Table 3 . In such a serve/sharp steering condition, the proposed SMC strategy can still control the sideslip angle well. However, under a sharp steering, the lateral force of the tire may reach its saturation, resulting in failure in the control of the yaw rate. Therefore, little improvement in the yaw rate can be found in the accident avoidance test.
In short, the sideslip angle, yaw rate, and lateral acceleration can be decreased in both open-loop steering maneuver and closed-loop steering maneuver tests. Thus, the proposed SMC strategy performs better than the fuzzy-PID strategy in terms of cornering stability of vehicles.
Conclusions
In this work, an AFS system with the VGRS actuator is successfully designed and controlled using the SMC strategy so as to improve the cornering stability of vehicles. The main novelties of the paper are summarized as follows: In the design of the AFS system, different sensors are considered to measure the vehicle state, and the mathematical model of the VGRS is originally developed and considered. Moreover, in order to improve the cornering stability of vehicles, the two dependent objectives, sideslip angle and yaw rate, are originally considered together in the design of the SMC strategy. It is believed that the model of the proposed AFS system with the VGRS actuator will be helpful to the development of the intelligent steering system and improvement in vehicle cornering stability. Additionally, the proposed multi-objective SMC strategy can provide an alternative solution to researchers to solve the control problem with two dependent objectives.
